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 Strongly Regular Graphs that are Locally a Disjoint Union of
 Hexagons
 R ENE ´  P EETERS
 We prove that there are precisely two srg(64 ,  18 ,  2 ,  6) that are locally a disjoint union of
 three hexagons and there are no srg(40 ,  12 ,  2 ,  4) that are locally a disjoint union of two
 hexagons . As a side result , we obtain simple definitions for all 11 srg(64 ,  18 ,  2 ,  6) that are
 4-colorable .
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 1 .  I NTRODUCTION
 A graph  G  is said to be  strongly regular  with parameters ( y  ,  k ,  l  ,  m  ) if it has  y
 vertices , is regular of degree  k , and each pair of distinct vertices has  l  or  m  common
 neighbors depending on whether or not the vertices are adjacent . We will refer to such
 a graph as a srg( y  ,  k ,  l  ,  m  ) .  For elementary results on such graphs , see [3 ,  6 ,  7] . As
 usual , we will denote the two eigenvalues of the adjacency matrix of  G ,  apart from the
 valency  k ,  by  r  and  s  and their multiplicities by  f  and  g  respectively .
 Let  G  and  H  be two graphs . We will say that  G  is locally  H  if for each vertex  x  of  G
 its neighbor graph—that is , the subgraph of  G  induced by the vertices that are adjacent
 to  x  (notation :  G x )—is isomorphic to  H .  In this paper we concentrate on strongly
 regular graphs that are locally a disjoint union of hexagons . In Table 1 are displayed
 the smallest feasible parameter sets of strongly regular graphs that could locally be a
 disjoint union of hexagons : this means the smallest parameter sets for which  k  is
 divisible by 6 ,  l  5  2 and  f  and  g  satisfy the integrality conditions . The last column tells
 us whether or not the parameter set satisfies the Krein conditions .
 There is precisely one srg(13 ,  6 ,  2 ,  3) ; namely , the Paley graph on 13 vertices . Indeed ,
 the neighbor graph of each vertex is the hexagon . There are two srg(16 ,  6 ,  2 ,  2) . These
 are the line graph of  K 4 , 4 and the Shrikhande graph which are locally 2 C 3 and  C 6
 respectively . The Paley graph  P (13) and the Shrikhande graph are the only strongly
 regular graphs that are locally the hexagon . In this paper we will deal with the next two
 parameter sets . We will prove that there are precisely two srg(64 ,  18 ,  2 ,  6) that are
 locally 3 C 6 and that there exists no srg(40 ,  12 ,  2 ,  4) that is locally 2 C 6  .  Since there is a
 unique srg(112 ,  30 ,  2 ,  10) (cf . [3]) , the collinearity graph of the  GQ (3 ,  9) which is
 locally 10 C 3 , the smallest parameter set for which it is not yet decided whether or not
 there exists a strongly regular graph with these parameters that is locally a disjoint
 union of hexagons is (676 ,  108 ,  2 ,  20) .
 If  GQ  is a generalized quadrangle of order ( s ,  t ) (cf . [15] , notation :  GQ ( s ,  t )) ,  then
 the collinearity graph of  GQ  is strongly regular with parameters (( s  1  1)( st  1  1) ,
 s ( t  1  1) ,  s  2  1 ,  t  1  1) .  The parameter sets (40 ,  12 ,  2 ,  4) and (64 ,  18 ,  2 ,  6) correspond to
 the parameter sets of the collinearity graphs of a  GQ (3 ,  3) and a  GQ (3 ,  5) respectively .
 There are precisely two  GQ (3 ,  3) and there is a unique  GQ (3 ,  5) . If a strongly regular
 graph  G  with one of the two mentioned parameter sets is locally a disjoint union of
 triangles , then it follows straightforwardly that the vertices and the 4-cliques of  G  form
 the points and lines of a  GQ . So  G  is the collinearity graph of this  GQ  in this case .
 In the next section we will frequently use the next lemma by Haemers .
 579
 0195-6698 / 97 / 050579  1  10  $25 . 00 / 0  ej960126  Ö  1997 Academic Press Limited
 R . Peeters 580
 T ABLE 1 .
 The smallest feasible parameter sets of strongly regular graphs that could locally be a
 disjoint union of hexagons
 y  k  l  m  r  s  f  g  Krein
 13  6  2  3  1 – 2 ( 4 13  2  1)  2
 1 – 2 ( 4 13  1  1)  6  6  1
 16
 40
 64
 112
 184
 256
 400
 676
 832
 1376
 1786
 2146
 2370
 2704
 6
 12
 18
 30
 48
 66
 102
 108
 210
 150
 84
 156
 276
 318
 2
 2
 2
 2
 2
 2
 2
 2
 2
 2
 2
 2
 2
 2
 2
 4
 6
 10
 16
 22
 34
 20
 70
 18
 4
 12
 36
 42
 2
 2
 2
 2
 2
 2
 2
 4
 2
 6
 8
 8
 6
 6
 2 2
 2 4
 2 6
 2 10
 2 16
 2 22
 2 34
 2 22
 2 70
 2 22
 2 10
 2 18
 2 40
 2 46
 6
 24
 45
 90
 160
 231
 374
 567
 805
 1075
 987
 1479
 2054
 2385
 9
 15
 18
 21
 23
 24
 25
 108
 26
 300
 798
 666
 315
 318
 1
 1
 1
 1
 2
 2
 2
 1
 2
 1
 1
 1
 1
 1
 L EMMA 1 .  Let G be a strongly regular graph with parameters  (40 ,  12 ,  2 ,  4)  or
 (64 ,  18 ,  2 ,  6) . Then , for e y  ery  y  ertex x , its neighbor graph G x consists of cycles of length
 di y  isible by  3  and e y  ery  y  ertex not adjacent to x is adjacent to precisely c  / 3  y  ertices of
 each c - cycle in G x .
 P ROOF .  The lemma can be proved using eigenvalue interlacing techniques ; see
 Haemers [10 , Lemma 6 . 2 . 4] for graphs with the first parameter set . For graphs with the
 second parameter set , the proof is equivalent . A more general formulation of this result
 can be found in Haemers [11 , Proposition 7 . 4] .  h
 So if  G  is a srg(40 ,  12 ,  2 ,  4) or a srg(64 ,  18 ,  2 ,  6) and locally a disjoint union of
 hexagons , then , for each vertex  x  of  G ,  each non-neighbor of  x  is adjacent to precisely
 two vertices of each hexagon of  G x .
 2 .  O N srg(64 ,  18 ,  2 ,  6)
 In this section we characterize the two srg(64 ,  18 ,  2 ,  6) that are locally 3 C 6  .  We start
 by giving alternative constructions for the 11  srg(64 ,  18 ,  2 ,  6) that are 4-colorable and
 which were found by Mathon [14] , one of which is locally 3 C 6  .  Then we give a
 definition of the other example and show that no other example exists . Using these
 results we can also prove that there exists no srg(40 ,  12 ,  2 ,  4) that is locally 2 C 6  .
 Let  G  be the collinearity graph of  GQ (3 ,  5) . The first srg(64 ,  18 ,  2 ,  6) that is locally
 3 C 6  is obtained from  G  by switching .  GQ (3 ,  5) can be described as follows . Consider
 AG (3 ,  4) , the three-dimensional af fine geometry over  F 4 . Let  S  be a set of 6 lines from
 AG (3 ,  4)  passing through one point , such that no three lines lie in one hyperplane .
 Such a set corresponds to a complete oval in the projective plane  PG (2 ,  4) . Each
 hyperplane of  AG (3 ,  4) contains two or no lines from  S .  The points of  GQ (3 ,  5) are the
 points of  AG (3 ,  4) ; its lines are the lines of  S ,  and the lines of  AG (3 ,  4) which are
 parallel to a line of  S .
 Let  l  be a line in  AG (3 ,  4) that is not a line of the  GQ .  Then two of the five
 hyperplanes through  l  contain no lines of the  GQ  and the other three contain eight
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 lines each , forming a 4  3  4 grid on the 16 points of the hyperplane . Since a hyperplane
 that contains no lines of the  GQ  together with the 3 hyperplanes parallel to it forms a
 partition of the vertex set of  G  into 4 cocliques ,  G  is 4-colorable . Let  L  : 5
 h l i j 3  i ,  j  P  h 1 ,  2 ,  3 ,  4 jj  be the set of 16 lines in the af fine geometry parallel to  l , such that
 l i 1  ,  l i 2  ,  l i 3  ,  l i 4  ( i  5  1 ,  2 ,  3 ,  4) and  l 1 j  ,  l 2 j  ,  l 3 j  ,  l 4 j  (  j  5  1 ,  2 ,  3 ,  4) form a hyperplane of the
 af fine geometry , containing no lines of the  GQ . If i 1  ,  i 2  ,  j 1  ,  j 2  P  h 1 ,  2 ,  3 ,  4 j  with  i 1  ?  i 2
 and  j 1  ?  j 2 , then the hyperplane through  l i 1 j 1 and  l i 2 j 2 contains two parallel classes of lines
 of the  GQ  forming a 4  3  4 grid , so in  G  each point of  l i 1 j 1 is adjacent to 2 points of  l i 2 j 2 .
 So if we partition the adjacency matrix  A  of  G  according to the 16 lines  l i j
 ( i ,  j  P  h 1 ,  2 ,  3 ,  4 j ) ,  then the 4  3  4 submatrix (block) defined by  l i 1 j 1 and  l i 2 j 2 is the zero
 matrix if  i 1  5  i 2 or  j 1  5  j 2  ,  and has row sums 2 otherwise .
 Let  L 1 be a subset of  L .  Let  G  9 be the graph obtained from  G  by switching , for each
 pair of lines  l i 1 j 1  P  L 1 and  l i 2 j 2  P  L  \  L 1 such that the hyperplane through these 2 lines
 contains 2 parallel classes of lines from the  GQ  (so  i 1  ?  i 2 and  j 1  ?  j 2 ) ,  the adjacency
 relation between  l i 1 j 1 and  l i 2 j 2 to its complement (that is , edges become non-edges and
 non-edges become edges) . It can be found in [12 ,  Theorem 3 . 1] , where reference is
 made to [9] , that  G  9 has the same spectrum as  G  , and hence is again strongly regular
 with parameters (64 ,  18 ,  2 ,  6) . Since the zero-blocks of  A  remain zero-blocks ,  G  9 is
 again 4-colorable .
 If  L 1  5  h l i 1  3  i  5  1 ,  2 ,  3 ,  4 j ,  then every subgraph of  G  that is defined by a hyperplane
 containing two parallel classes of the  GQ  (so the subgraph is isomorphic to  L 2 (4)) is
 switched into a subgraph that is isomorphic to the Shrinkhande graph , and hence  G  9 is
 locally 3 C 6  .  We will call this graph  & 1 . Mathon [14] determined all 11 strongly regular
 graphs with parameters (64 ,  18 ,  2 ,  6) that are 4-colorable . It turns our that each of the
 10 graphs dif ferent from  G  can be obtained from  G  by switching with respect to a
 suitable subset of  L .  In Table 2 it is shown which set  L 1 can be chosen to obtain each of
 the 10 graphs . We call a hyperplane of  AG (3 ,  4) a zero-plane if it contains no lines of
 the  GQ  and a two-plane otherwise . The graphs are ordered as in Mathon’s paper . They
 can be distinguished by the number of 4-cliques that they contain , and by the notion
 that in  G 3 and  G 4 each vertex is contained in the same number of 4-cliques (4 and 2
 respectively) , which is not the case for  G 7 and  G 8 . Note that  G 2 is the same graph as  & 1 .
 The other strongly regular graph with parameters (64 ,  18 ,  2 ,  6) that is locally 3 C 6 can
 best be defined using the triangular grid . Identify each point of the grid with the point
 eight positions further on along one of the three lines through the point . This induces
 64 equivalence classes of points , which are the vertices of the graph . Two vertices ,  x
 T ABLE 2 .
 The 11 4-colorable srg(64 ,  18 ,  2 ,  6)
 Name  4-cliques  L 1
 G 1
 G 2
 G 3
 G 4
 G 5
 G 6
 G 7
 G 8
 G 9
 G 1 0
 G 1 1
 96
 0
 64
 32
 72
 24
 64
 32
 56
 40
 48
 4 lines in one zero-plane
 2 lines in a zero-plane  1 2 in a parallel zero-plane ; other pairs in a two-plane
 4 lines in a two-plane
 1 line
 3 lines in a zero-plane
 2 lines in a two-plane
 3 lines in a zero-plane  1  1 line in a zero-plane with one of these 3
 3 not co-planar lines ; 2 pairs in a two-plane , 1 pair in a zero-plane
 3 lines in a two-plane
 2 lines inn a zero-plane
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 F IGURE 1 .  Three types of adjacency .
 and  y  say , are adjacent if two of the corresponding points are in one of the three
 positions as in Figure 1 . We will call this graph  & 2 .
 It was remarked by E . Moorhouse , as well as the referee , that the Paley graph  P (13) ,
 the Shrikhande graph and  & 2 are all three Cayley graphs . Indeed ,  P (13) with group  Z 1 3
 and generating set the non-zero squares , the Shrikhande graph with group ( Z 4 ) 2 with
 generating set the images of (1 ,  0) under the powers of the matrix
 M  5 S 1
 1
 2 1
 0
 D
 and  &  2 with group ( Z 8 )
 2 and generating set the images (1 ,  0) , (3 ,  0) and (4 . 2) under the
 powers of  M .
 T HEOREM 2 .  There are precisely two strongly regular graphs with parameters
 (64 ,  18 ,  2 ,  6) that are locally  3 C 6 ;  namely ,  &  1  and  & 2  .
 P ROOF .  Let  G  be a strongly regular graph with parameters (64 ,  18 ,  2 ,  6) that is
 locally 3 C 6  .  As in the case for any graph  G  5  ( V ,  E ) for which the neighbor graphs  G y
 ( y  P  V  )  are disjoint unions of hexagons , each edge of  G  defines a labelling of the points
 of the triangular grid in a canonical way . The labelling is such that points that are
 adjacent in the grid are labelled by adjacent vertices of  G  and the two common
 neighbors of two adjacent points in the grid are labelled by the two vertices that are
 adjacent to the vertices corresponding to these two points . Let  G 9 be the subgraph of  G
 induced by the vertices that appear as a label in the grid . So in fact  G 9 depends on the
 choice of the particular edge . The nice thing is that up to isomorphism only two
 dif ferent graphs  G 9 are possible .
 C LAIM 1 .  G 9  is isomorphic to either the Shrikhande graph or the graph  &  2 .
 Again , the vertices of  G 9 are represented by equivalence classes of points of the grid .
 We will call two points of the grid adjacent / non-adjacent if the corresponding vertices
 (that is , the vertices with which they are labelled) are adjacent / non-adjacent in  G .  By
 Lemma 1 , we have that if a point is not adjacent to some other point , it is adjacent to
 two points of the hexagon around this point in the grid . This property is the main tool
 for proving Claim 1 . Consider two points  x  and  y ,  as in Figure 2 . Point  y  is not adjacent
 to  f  and  i , so it is adjacent to two points of the hexagons around these points . These
 pairs of points are  h y  ,  g j  and  h y  ,  j j .  As a consequence ,  y  is not adjacent to  e , u  and  h .
 Since  y  is not adjacent to  u ,  it is adjacent to two vertices of each 6-cycle of  G u .
 So except to  y  , y  is also adjacent to  x .  Hence each point of the grid is also adjacent to
 the point that is three positions further on along one of the three lines though this
 point .
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 F IGURE 2 .  Two parts of the representation of  G 9 in the triangular grid .
 Now consider four points  a , b , c  and  d ,  as in Figure 2 . By the foregoing ,  a  is adjacent
 to  r  and not to  s  and  t  and  b  is adjacent to  t  and not to  r  and  s .  Since  a  and  b  must be
 adjacent to two points of the hexagon around  s ,  they are adjacent to precisely one of  c
 and  d  and vice versa , so either  a  is adjacent to  c  and  b  to  d  or  a  to  d  and  b  to  c .  If  a  is
 adjacent to  d  and  b  to  c ,  then vertex  a  is one of the two common neighbors of  r  and  d ,
 so the points  a  and  a 9 correspond to the same vertex and the same holds for  b  and  b 9 ,  c
 and  d  and  d 9 . It follows straightforwardly that each point must represent the same
 vertex as the point four positions further on , so  G 9 is isomorphic to the Shrikhande
 graph . In the other case , two points are adjacent if they are in one of the three
 positions as in Figure 1 .
 Now consider the vertex (point)  x  of Figure 3 . This vertex is adjacent to the points to
 the left-hand side of the heavy line , that are represented using large dots , and is not
 adjacent to those that are encircled . So  x  must also be adjacent to vertex 1 , and in fact
 each point of the grid is adjacent to the point five positions further on . Now  x  must be
 adjacent to either 2 or 3 . If  x  is adjacent to 2 , then 4 and  x  represent the same vertex of
 G ,  so  x  is adjacent to  a , b  and  c .  However  a , b  and  c  form a triangle which is not
 allowed . So two points that are six positions apart do not represent the same vertex and
 x  is adjacent to 3 and hence also to all points in the figure that are represented by large
 dots and not to the points encircled . It follows that  x  is also adjacent to 5 , so each point
 of the grid is also adjacent to the point seven positions further on . Now  x  must be
 adjacent to either 6 or 7 . Suppose that  x  is adjacent to 6 . Then it is also adjacent to the
 vertex  l . Now the vertices  k , l , m  and  n  induce a subgraph of the neighbor graph of  x
 isomorphic to  K 1 , 3  ,  a contradiction . So  x  is adjacent to 7 and hence  x  and  x 9 represent
 the same vertex . So each point of the grid represents the same vertex as the point 8
 positions further on , so  G 9 is isomorphic to  &  2 .
 If  G  is isomorphic to  &  2 , then for an adjacency (edge) of type 1 or 2 ,  G 9 is
 isomorphic to  &  2 , and for an adjacency of type 3  G 9 is isomorphic to the Shrikhande
 graph . So the vertices of  &  2 can be partitioned into four Shrikhande subgraphs .
 If  G  is not isomorphic to  &  2 , then each vertex  x  of  G  and each 6-cycle  C x  of its
 neighbor graph  G x  define a labelling of the triangular grid with vertices of a subgraph
 of  G  that is isomorphic to the Shrikhande graph . In fact , each edge of  G  defines a
 unique Shrikhande subgraph of  G  containing that edge . Counting edges we find that  G
 contains precisely 12 Shrikhande subgraphs . Each vertex is contained in three of these .
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 F IGURE 3 .  The neighbors and non-neighbors of point  x .
 Let  G 9 be a subgraph of  G  that is isomorphic to the Shrikhande graph . Since  l  5  2
 for the Shrikhande graph , the neighbors of a vertex from  G  \  G 9 in  G 9 form a coclique .
 The largest size of a coclique in the Shrikhande graph is 4 , so a vertex from  G  \  G 9 has
 at most four neighbors in  G 9 . But the average number of neighbors in  G 9 over all
 vertices in  G  \  G 9 is also four , hence the neighbors in  G 9 of a vertex from  G  \  G 9 form
 a maximal coclique in  G 9 .  We mention that the complement of the Shrikhande graph is
 the latin square graph of the cyclic latin square of order 4 , or , equivalently , the
 collinearity graph of the cyclic 3-net of order 4 (for more details about finite nets , see
 [1 ,  4 ,  5 ,  8 ,  13 ,  16] . ) Each vertex from the Shrikhande graph is contained in four
 cocliques of size 4 : three corresponding to the three lines of the 3-net through each
 point (we will call these the maximal cocliques of type I) , and one (type II)
 corresponding to the unique sub-3-net of order 2 (or af fine plane of order 2) containing
 the corresponding point . Number the vertices of  G 9 as in Figure 4 . The four cocliques
 of size 4 containing vertex 1 are  h 1 ,  3 ,  9 ,  11 j  of type II and  h 1 ,  3 ,  10 ,  12 j ,  h 1 ,  9 ,  7 ,  15 j  and
 h 1 ,  11 ,  8 ,  14 j of type I . Since , for , example , vertices 1 and 7 are not adjacent and  m  5  2
 for the Shrikhande graph , there must be four vertices from  G  \  G 9 that are adjacent to
 both 1 and 7 and hence to the 4-tuple  h 1 ,  9 ,  7 ,  15 j . Similarly , there are four vertices
 from  G  \  G 9 that are adjacent to  h 1 ,  3 ,  10 ,  12 j  and four that are adjacent to  h 1 ,  11 ,  8 ,  14 j .
 Together , these are the 12 vertices from  G  \  G 9 that are adjacent to vertex 1 of  G 9 . In
 particular , each vertex of  G  \  G 9 is adjacent to four vertices from  G 9 that form a
 maximal coclique of type I in  G 9 .
 C LAIM 2 .  Two dif ferent Shrikhande subgraphs of G are either disjoint or intersect in a
 maximal coclique of type II .
 Let  G 9 be a Shrikhande subgraph of  G  that is defined by vertex 10 of  G 9 and a
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1 2 3 4 1
5 6 7 8 5
9 10 11 12 9
13 14 15 16 13
1 2 3 4 1
 F IGURE 4 .  The Shrikhande subgraph  G 9 .
 6-cycle from its neighbor graph dif ferent from (5 ,  6 ,  11 ,  15 ,  14 ,  9) . Number the vertices
 of  G 9 similarly to those of  G 9 with  1 ,  2 ,  3 ,  .  .  .  ,  16  such that 10  5  10 . We prove that ,
 without loss of generality , 2  5  2 , 4  5  4 , 10  5  10  and 12  5  12 .
 Each of the vertices of  C 1 0  5  h 5 ,  6 ,  11 ,  15 ,  14 ,  9 j  is adjacent to one of the following
 three 4-tuples :  h 10 ,  2 ,  16 ,  8 j ,  h 10 ,  12 ,  1 ,  3 j  and  h 10 ,  13 ,  7 ,  4 j . Since each vertex not
 adjacent to 10 is adjacent to two vertices of  C 1 0  ,  each 4-tuple occurs twice as a set of
 neighbors of a vertex from  C 1 0  .  In addition , two adjacent vertices from  C 1 0 are adjacent
 to dif ferent 4-tuples , since they have only two common neighbors . So without loss of
 generality , we are in one of the following two cases :
 (1)  6  and  14  are adjacent to  h 10 ,  2 ,  16 ,  8 j ,  5  and  11  are adjacent to  h 10 ,  12 ,  1 ,  3 j , and  9
 and  15  are adjacent to  h 10 ,  13 ,  7 ,  4 j ;
 (2)  6  and  14  are adjacent to  h 10 ,  2 ,  16 ,  8 j ,  5  and  15  are adjacent to  h 10 ,  13 ,  7 ,  4 j , and  9
 and  11  are adjacent to  h 10 ,  12 ,  1 ,  3 j .
 Consider that we are in the first case . The vertices 12 , 1 and 3 are adjacent to both  5
 and  11 , but are not the same as the vertices  10  or  6 , so 12 , 1 and 3 are not vertices of
 G 9 ; hence they are adjacent to the 4-tuple  h 5 ,  11 ,  13 ,  3 j . Since  5 ,  11 ,  13  and  3  are
 adjacent to 12 , 1 and 3 , they are not vertices of  G 9 . Similarly , 13 , 7 and 4 are not
 vertices of  G 9 and are adjacent to the 4-tuple  h 9 ,  15 ,  1 ,  7 j , which are not vertices of  G 9 .
 Let  x  be one of the vertices from  h 5 ,  6 ,  9 ,  11 ,  14 ,  15 j .  Then  x  is adjacent to one of the
 following three 4-tuples :  h 10 ,  2 ,  16 ,  8 j ,  h 10 ,  12 ,  1 ,  3 j  and  h 10 ,  13 ,  7 ,  4 j . Since  x  is adjacent
 to one of the vertices 12 , 1 , 3 and to one of the vertices 13 , 7 , 4 ,  x  cannot be adjacent to
 5 ,  11 ,  13 ,  3 ,  9 ,  15 ,  1  or  7 . So  x  must be adjacent to the 4-tuple  h 10 ,  2 ,  16 ,  8 j , but not all
 six vertices (5 ,  6 ,  9 ,  11 ,  14 ,  15) can be adjacent to the same 4-tuple—a contradiction .
 So we are in the second case . Now either all the vertices 2 , 16 and 8 are adjacent to
 ( 6 ,  14 ,  4 ,  12 ) , or two are and one is the same as vertex  2 . Similarly , either all of the
 vertices 13 , 7 and 4 are adjacent to ( 9 ,  11 ,  2 ,  4 ) or two are and one is the same as vertex
 12 , and either all of the vertices 12 , 1 and 3 are adjacent to ( 5 ,  15 ,  2 ,  12 ) or two are and
 one is the same as vertex  4 . So  G 9 and  G 9 have at most four common vertices . The only
 candidates from  G 9 are  10 ,  2 ,  4  and  12 . Because of symmetry , the only candidates from
 G 9  are 10 , 2 , 4 and 12 , so the only possible identities are 10  5  10  (by definition) , 2  5  2 ,
 4  5  4 and 12  5  12 . Suppose that 2  ?  2 ; then  2  is not a vertex of  G 9 and should have four
 neighbors in  G 9 . But  2  is adjacent to two ‘opposite’ neighbors of 10 in  G 9 plus to at
 least four of the vertices 13 , 7 , 4 , 12 , 1 and 3 ; so 2  5  2  and , similarly , 4  5  4  and 12  5  12 .
 Given a vertex of  G ,  the three Shrikhande subgraphs of  G  containing this vertex
 have a maximal coclique of type II in common so the other three vertices of this
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 coclique are contained in the same three Shrikhande subgraphs . The 64 vertices of  G
 can be partitioned into 16 maximal 4-cocliques of type II , such that the four vertices of
 each coclique are contained in the same three Shrikhande subgraphs . Each Shrikhande
 subgraph contains precisely four of these 16 cocliques .
 Consider a Shrikhande subgraph  S  and one of the 12 disjoint 4-cocliques  C .  Then the
 three Shrikhande subgraphs containing  C  are either disjoint from  S  or have a
 4-coclique of type II with it in common . If one of them has a 4-coclique with  S  in
 common , then each vertex of  C  is adjacent to two vertices of this 4-coclique . Since each
 vertex of  G  not in  S  has four neighbors in  S ,  two of the three Shrikhande subgraphs
 containing  C  have a 4-coclique with  S  in common and the other one is disjoint from  S .
 So if we consider the 16 cocliques of type II as points ( 3 ) and the 12 Shrikhande
 subgraphs of  G  as lines ( +  ) we obtain a partial geometry with 16 points , 12 lines of size
 four and three lines through each point , and if a point is not incident with a line it is
 incident with two points of that line . Hence the geometry ( 3 ,  +  ) has the structure of a
 3-net of order 4 . There are precisely two 3-nets of order 4 : the cyclic 3-net of order 4
 and the 3-subnet of the af fine plane of order 4 .
 C LAIM 3 .  The partial geometry  ( 3 ,  + )  is isomorphic to the  3- subnet of the af fine plane
 of order  4 .
 We prove that every two collinear points of  3  are in a sub-af fine plane of order 2 .
 Let  C 1 and  C 2 be two points of the line (Shrikhande subgraph)  S .  Let  T 1 and  U 1 be the
 other two Shrikhande subgraphs containing  C 1 , and  T 2 and  U 2 the other two
 Shrikhande subgraphs containing  C 2  ,  with  T 1 and  U 1 parallel to  T 2 and  U 2 respectively .
 Let  C 3 be the common point of  T 1 and  U 2 and let  C 4 be the common point of  T 2 and  U 1 :
 see Figure 5 .
 Number the vertices of  T 1 with 1 ,  2 ,  3 ,  .  .  .  ,  16 and those of  T 2 with 17 ,  18 ,  19 ,  .  .  .  ,  32
 in the same way as  G 9 in Figure 4 . Now , without loss of generality ,  C 1  5  h 1 ,  3 ,  9 ,  11 j ,
 C 3  5  h 2 ,  4 ,  10 ,  12 j , C 2  5  h 17 ,  19 ,  25 ,  27 j  and  C 4  5  h 18 ,  20 ,  26 ,  28 j .  So the vertices of  C 2
 are adjacent to the 4-tuple  h 1 ,  3 ,  10 ,  12 j  or  h 2 ,  4 ,  9 ,  11 j  and the vertices of  C 1 are
 adjacent to the 4-tuple  h 17 ,  19 ,  26 ,  28 j  or  h 18 ,  20 ,  25 ,  27 j . So , without loss of generality , 1
 and 3 are adjacent to  h 17 ,  19 ,  26 ,  28 j  and 9 and 11 to  h 18 ,  20 ,  25 ,  27 j , and hence 17 and
 19 are adjacent to  h 1 ,  3 ,  10 ,  12 j  and 25 and 27 to  h 2 ,  4 ,  9 ,  11 j . So 10 and 12 are adjacent
 to  h 17 ,  19 ,  26 ,  28 j , 9 and 11 to  h 18 ,  20 ,  25 ,  27 j , 25 and 27 to  h 2 ,  4 ,  9 ,  11 j  and 26 and 28 to
 h 1 ,  3 ,  10 ,  12 j . So each vertex of  C 3 is adjacent to two vertices of  C 4 and vice versa , so
 there is a Shrikhande subgraph containing both  C 3 and  C 4  .  This means for the
 geometry ( 3 ,  +  ) that there is a line through  C 3 and  C 4 and hence  C 1  ,  C 2  ,  C 3 and  C 4
 form an af fine (sub-)plane of order 2 .
C2
C4
C3
C1
U2
T2
T1
U1 S
 F IGURE 5 .  A substructure of ( 3 ,  +  ) .
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 Since the 3-subnet of the af fine plane of order 4 can be completed into the af fine
 plane of order 4 by adding two parallel classes of four lines each , we can partition the
 16 4-cocliques of  G  in two dif ferent ways into four sets of four 4-cocliques such that no
 two vertices of two cocliques belonging to the same set are adjacent . So these two
 partitions correspond to two 4-colorings of the vertices of  G .  Now , by Mathon [14] ,  G
 must be isomorphic to  &  1 , since  &  1 is the only 4-colorable strongly regular graph with
 parameters (64 ,  18 ,  2 ,  6) that is locally 3 C 6  .  On the other hand the two 4-colorings of  G
 partition the adjacency matrix of  G  into 256 blocks that are either half full or contain
 the zero matrix . If we switch the adjacencies in the half full blocks corresponding to a
 color class (so the blocks that contain edges with one end point in the color class) , then
 the 12 Shrikhande subgraphs are switched into lattice graphs  L 2 (4) .  So we get a srg
 (64 ,  18 ,  2 ,  6) that is locally 6 C 3 which must be the collinearity graph of the unique
 GQ (3 ,  5) .
 R EMARK .  Concerning the 2-rank of the adjacency matrices of  &  1 and  &  2 (cf . [2]) we
 find by computer that  r 2 ( A )  5  r 2 ( A  1  J )  5  16 for the adjacency matrix  A  of  & 1 and
 r 2 ( A )  5  r 2 ( A  1  J )  5  18  if  A  is the adjacency matrix of  & 2  .
 T HEOREM 3 .  There exists no  srg(40 ,  12 ,  2 ,  4)  which is locally  2 C 6  .
 P ROOF .  Suppose that  G  is a srg(40 ,  12 ,  2 ,  4) which is locally 2 C 6  .  Then Claims 1 and
 2 of the previous proof still hold for  G ,  so  G  contains five Shrikhande subgraphs which
 intersect pairwise in a coclique of size 4 . The vertices of  G  can be partitioned into 10
 cocliques of size 4 , each of which is defined by the intersection of two Shrikhande
 subgraphs . Again , a vertex not in some Shrikhande subgraph of  G  is adjacent to four
 vertices of this Shrikhande subgraph , forming a coclique of type I . If one tries to
 reconstruct  G  from its five Shrikhande subgraphs by identifying pairs of points , it
 follows straightforwardly—but not immediately—that such a graph cannot exist . A
 shorter completion of the proof , which unfortunately relies on computer results , is as
 follows . Let  A  be the adjacency matrix of  G  and partition  A  into 100 blocks according
 to the partitioning of  G  into 10 4-cocliques . Then each block of  A  is either half full (has
 row sums 2) or is a zero-matrix . Let  C  be one of the 4-cocliques partitioning  G .  Now , if
 we switch the adjacencies between vertices of  C  and vertices of  G  \ C  that are in one of
 the two Shrikhande subgraphs containing  C ,  we obtain a srg(40 ,  12 ,  2 ,  4) ,  G 9 say , for
 which the graphs 4 C 3  ,  2 C 3  1  C 6 and 2 C 6 occur 4 , 24 and 12 times , respectively , as the
 neighbor graph of a vertex . Spence [18] determined all (23) srg(40 ,  12 ,  2 ,  4) which
 contain a vertex for which the neighboring graph is 4 C 3  ,  but none of these has a
 distribution of the neighbor graphs of the 40 vertices as  G 9 has , and so  G 9 and hence  G
 do not exist .  h
 In fact , no srg(40 ,  12 ,  2 ,  4) are known without a 4-clique , and perhaps none exist (see
 [18]) .
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